Abstract-Wireless power transfer and short packet communications are two technologies ideal for next-generation lowpower wireless networks such as the Internet of Things. In this paper, we consider the employment of wireless powered short packet communications and investigate its performance from a macroscopic point-of-view. Specifically, we consider a terminal randomly deployed in a single-cell, which communicates with the cell's access point (AP) over finite block-lengths. The terminal uses the energy harvested from the AP's transmitted signals to transmit back to the AP the required information bits. We derive analytical closed-form expressions for the average error probability and delay, in terms of the terminal's possible locations in the cell. Our results provide important insights behind the performance of wireless powered short packet communications in large-scale networks.
I. INTRODUCTION
Wireless power transfer (WPT) in communication systems, refers to the joint implementation of wireless information and power transfer (WIPT) over radio-frequency (RF) signals [1] . This is done in such a way as to achieve higher energy efficiency at the receiver's side while retaining a good quality of service. WIPT can either be decoupled, i.e. power via the downlink and information via the uplink (called wireless powered communication network (WPCN)), or it can be done simultaneously (called SWIPT) [2] . Both of these architectures are suitable for future wireless networks (e.g. the Internet of Things), where billions of low-power devices/sensors will require frequent power charging in order to continuously maintain their operations.
Due to the limited energy resources of such devices, data will be conveyed over short packets in order to attain the specified low-latency requirements [3] . Therefore, the combined design of wireless power transfer and short packets is critical for the realization of future networks. However, the finite block-length nature of short packets has made the classical information theoretic approach (which considers the asymptotic regime) impractical for the analysis of these scenarios. Nevertheless, recent works have provided the means to investigate and analyze short packet communications, e.g. [4] . As a result, many studies have appeared recently in the literature, focusing on short-packets in various contexts, such as relay networks [5] , [6] , full-duplex [6] , non-orthogonal multiple access [7] , as well as wireless powered communications [8] - [11] .
Specifically, wireless powered point-to-point scenarios are considered in [8] , [9] . The work in [8] , implements retransmission protocols over finite block-lengths, both in the information and power transfer phases; it is shown that the proposed protocols can improve the system's outage probability. In [9] , the authors consider a source with a finite battery, which is wirelessly powered by the destination; a power control protocol is proposed which improves the performance in terms of the error probability. Scenarios with multiple energy harvesters are considered in [10] and [11] . In [10] , the authors take into account the non-linearities of the energy harvesting process and propose algorithms to optimize the effective-throughput and the transmission time. Short packet communications from a large-scale point-of-view were studied in [11] , where power beacons charge the transmitters via WPT; the effect of the main system parameters are described based on energy supply probability and the achievable rate.
In this paper, we focus on short packet communications in wireless powered networks from a large-scale standpoint. In contrast to [11] , we consider a WPCN and take into account a non-linear model for the harvested energy. Specifically, we consider the performance of a terminal randomly located in a single-cell. The terminal is charged by the cell's access point (AP) via WPT and the harvested energy is temporarily stored in a finite capacitor. Then, all the stored energy is used to transmit back to the AP a predefined number of bits. Both downlink and uplink are operated over a finite number of channel uses. The main performance metrics investigated are the average error probability and the delay, which are derived analytically in closed form. The results provide key insights of wireless-powered short packet communications in terms of the main system parameters.
The rest of this paper is organized as follows. In Section II, the considered system model is described together with the main assumptions. Section III presents the mathematical analysis for the average error probability and delay. Finally, numerical results are provided in Section IV and Section V concludes the paper.
Notation: P{X} denotes the probability of the event X and E{X} represents the expected value of X; γ(·, ·) denotes the lower incomplete Gamma and Q(·) denotes the Gaussian Qfunction [12] .
II. SYSTEM MODEL

A. Topology
Consider a WPCN with a randomly deployed terminal in a single cell, modeled by a disc of radius ρ. The terminal's positions are spatially distributed in the Euclidean plane, according to a homogeneous Poisson point process Φ = {x i }, i ≥ 1, of density λ, where x i defines the coordinates of the terminal's i-th position. An AP communicating with the terminal is located at the origin of the disc and transmits with fixed power P t . The terminal is equipped with a single antenna and a rectifying circuit to harvest energy from the AP's transmitted signal, which is used to power the uplink. Hence, the terminal transmits data to the AP with variable power P , determined by the energy it has harvested. Time is slotted and a time slot duration is equal to one time unit. During a time slot, the terminal is first in harvesting mode (downlink) for m channel uses and then in information mode (uplink) for n channel uses, over which it transmits k bits of information.
B. Channel model
We assume that all wireless links suffer from both smallscale block fading and large-scale path-loss effects. We consider Rayleigh block fading and the channel coefficients are complex Gaussian distributed with zero mean and unit variance. We denote by h i and g i the channel coefficient for the downlink and uplink link, respectively, between the terminal's i-th position and the AP. The path-loss model assumes that the received power is proportional to 1/(1 + d α i ) where d i is the Euclidean distance from the origin to the terminal's ith position and α > 2 is the path-loss exponent. Finally, the wireless links exhibit additive white Gaussian noise (AWGN) with variance σ 2 .
C. Energy transfer
At the beginning of the harvesting phase, the terminal harvests RF energy from the received power over m channel uses. The received RF power at the i-th position of the terminal is given by
The harvested energy is a non-linear function of the received RF power, due to the non-linear behaviour of the diode. We consider the following non-linear function [2] 
where L denotes the maximum energy that can be harvested by the terminal and parameters ζ 1 and ζ 2 are constants determined by the characteristics of the circuit. The terminal is equipped with a capacitor of finite size B (units of energy). We consider a linear model for the capacitor, comprising of N discrete energy levels
with 1 < 2 < . . . < N = B; note that at the i-th location, the terminal's capacitor is charged by min( E i N/B , N ) levels.
D. Information transfer
At the beginning of the information phase, if the terminal has a non-empty capacitor, it uses all the available energy to transmit k information bits to the AP over n channel uses. As we consider a discrete model for the terminal's capacitor levels, the terminal's transmit power is a discrete random variable. Specifically, the transmit power of the terminal at the i-th location is P i = j /n, where j is the charged energy level of the capacitor, given by (3) .
Therefore, the signal-to-noise ratio (SNR) at the AP from the terminal's i-th position is
where g i is the complex gain between the i-th position and the AP and 1 Ei≥ 1 is an indicator function which gives 1 when the terminal's capacitor is not empty, otherwise gives 0. Then, the finite block-length rate from the i-th location can be approximated by [4] 
where C i = log 2 (1 + SNR i ) is the Shannon capacity,
2 is the channel dispersion, and
is the inverse of the Q-function
III. WIRELESS POWERED SHORT PACKETS
In this section, we derive an analytical expression for the error probability at the AP. The analysis is performed for the typical location in the network, and thus we drop any indices used in the previous section. We first derive the energy outage probability of the terminal, that is, the cumulative distribution function (CDF) of the harvested energy, F E ( j ) = P{E < j }, where E is given by (2) and j is the j-th energy level of the capacitor. Proposition 1. The energy outage probability of the terminal is given by
where
and j jB/N , 1 ≤ j ≤ N .
Proof. See Appendix A.
Note that, for large values of P t , i.e. P t → ∞, the energy outage probability can be approximated by
which follows from exp(−x) ≈ 1 − x and γ(s, x) ≈ x s /s for x ≈ 0. As expected, in this scenario, the energy outage probability depends entirely on the characteristics of the rectifying circuit and the AP's transmit power. Lemma 1. The CDF of the SNR is given by
where q j = j /n is the terminal's transmit power and p j is the probability that the terminal's capacitor level is j, given by
and
Proof. See Appendix B.
Now consider the scenario where the noise is very small, i.e. σ 2 → 0. In this case, (9) can be approximated as
where (11) follows the same steps as above and (12) follows from
, which is the probability of having a non-empty capacitor.
We now provide the main result of this work.
Theorem 1.
The average error probability is approximately given by
and R = k/n.
Proof. See Appendix C.
It is worth noting that the infinite sum in (14) requires only a small number of terms to converge. By taking into account the asymptotic expression (12) for the SNR CDF, then from (26) we can approximate Ξ by
Therefore, for σ 2 → 0, the asymptotic expression for the error probability is given by
which follows after numerous algebraic manipulations and Ξ is given by (17). Finally, we study the performance of the network in terms of the average delay ∆ (block-length), measured in channel uses, which can be written as [4] 
is the throughput. It's clear from (19) that the minimum delay is n, i.e. when Π e = 0.
IV. NUMERICAL RESULTS
In this section, we evaluate our proposed model through computer simulations. Unless otherwise stated, we use the following parameters: λ = 1, ρ = 10 m, α = 3, P t = 30 dBm, σ 2 = −50 dBm, B = 10, N = 50, L = (N + 1)B/N , ζ 1 = 1500 and ζ 2 = 0.0022 [2] . Fig. 1 depicts the error probability in terms of the AP's transmit power P t for capacitor sizes B = {1, 10}. It is clear that as the transmit power increases, the error probability decreases, as expected. The error probability converges to a constant floor for high values of P t , illustrated in the figure using (8) , which verifies our asymptotic analysis. The performance is improved when m, the number of channels used for energy harvesting, is increased (n is constant). In this case, the user harvests more energy and thus transmit back to the AP with higher power. A similar behavior is attained with an increase to the capacitor's size B. However, for small values of P t , the performance gains (if any) are relatively small, regardless of the size B. Also, in the high P t regime, the performance is independent of m. Finally, the theoretical results (depicted with dashed lines) provide a good approximation to the simulation results (depicted with markers), which validate our analytical approach. Therefore, we use the theoretical expressions for the remaining two figures. Fig. 2 illustrates the performance in terms of the number of channel uses n for the uplink. As expected, the error probability decreases with n and k. Observe that the effect of n on the error probability, is significant for small values of n. As n increases, the error probability converges to a constant floor. Moreover, the performance gains between different k are more evident decreases as P t increases. This is expected, since the user will transmit back with more power due to a better harvesting performance. In Fig. 2 , we also present the performance for the asymptotic case σ 2 → 0. It is clear that for P t = 20 dBm, the error probability is close to the asymptotic case as the user's transmit power cannot overcome the fading and path-loss effects.
Finally, Fig. 3 depicts the delay with respect to the number of transmitted bits k. Since the delay is a function of the error probability, similar observations can be deduced as before for the effect of n and k. As expected, the minimum delay is achieved by the asymptotic case σ 2 → 0. Also, when σ 2 = −50 dBm, the delay is nearly the same as with the asymptotic case, but will increase for very high values of k. On the other hand, a slight increase of the noise variance to σ 2 = −30 dBm, has a significant impact to the delay. For example, for n = 500 and a required rate of R = 6 bits per channel use, the delay is about 500 channel uses with σ 2 = −50 dBm whereas it surpasses 2500 channel uses with σ 2 = −30 dBm.
V. CONCLUSION In this paper, we studied wireless powered short packet communications from a large-scale standpoint. Specifically, we considered the average performance, in the finite block-length regime, of a terminal randomly located in a single WPCN cell. The terminal harvested energy from the AP via WPT and used it to transmit back to the AP a predefined number of bits. The average error probability and delay were derived in closed form. The numerical results presented showed how the main system parameters effect the performance WPCNs with short packet communications.
APPENDIX
A. Proof of Proposition 1
The energy outage probability F E ( j ) = P{E < j }, where E is given by (2) and j is the j-th energy level of the capacitor, is derived as follows
where P RF and η j are given by (1) and (7), respectively; (21c) follows from the CDF of the exponential distribution as |h| 2 is an exponential random variable; (21d) follows by taking the expectation over the spatial distribution and f d (r) = 1/(πρ 2 ) is the PDF of the distance in a disc of radius ρ. Finally, the result follows by using the transformation r α → x and [12, 3.381-1]. 
B. Proof of Lemma 1
Conditioned on the terminal having a non-empty capacitor, the SNR's CDF F SNR (τ ) = P{SNR < τ } can be evaluated as
which follows similar steps as the proof of Proposition 1. We now need to take the expectation over the transmit power of a terminal. Therefore, the final result follows by using Proposition 1.
C. Proof of Theorem 1
From (5), the error probability can be approximated by
For the sake of tractability, the Q-function is evaluated using the following linear approximation [6] 
